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Structure functions and polarization observables in elastic scattering of longitudinally polarized
electron on polarized deuteron are considered within approximation of one-photon + two-photon
exchange. It is shown that contribution of two-photon exchange in the generalized structure function
A is of order of few percent, while in the generalized structure function B it is of order of 10–20%. We
have found that components T20 and T21 of tensor analyzing power are mainly determined by one-
photon exchange, but T22 is mainly determined by interference between one-photon exchange and
two-photon exchange. We have also considered polarization observables T11, C21 and C22 which are
proportional to imaginary part of the reaction amplitude and vanish in the framework of one-photon
exchange.
PACS numbers: 25.30.Bf, 21-45.Bc, 13.40.-Gp, 13.88.+e
I. INTRODUCTION
Over resent years, the interest to study of polarization
observables in electron scattering on hadron systems (nu-
cleons, pions, lightest nuclei) has been raised. This in-
terest is based on the significant progress in experimen-
tal technique, as well as on the fact that polarization
measurements give an opportunity to get more informa-
tion about structure of the hadron systems, than study
of unpolarized cross section. For example, polarization
data obtained in resent years together with unpolarized
cross sections make it possible to extract important in-
formation about effects beyond Born approximation in
electron-proton scattering (see, e.g., [1] and references
therein).
In case of electron-deuteron scattering polarization
measurements play an important role already in one-
photon exchange (OPE) approximation. Indeed, the
deuteron, due to its spin structure, has three electro-
magnetic form factors (the charge, GC , quadrupole, GQ,
and magnetic, GM , form factors), which are real func-
tions of one variable, Q2. The Rosenbluth separation
allows to perform and obtain two structure functions of
the deuteron: A(Q2) (a combination of G2C , G
2
Q and G
2
M )
and B(Q2) (proportional to G2M ). To separate all three
form factors we need to measure an additional observ-
able. Usually this is t20 component of tensor polarization
of the deuteron.
Similarly to elastic electron-nucleon scattering, two-
photon exchange (TPE) is one of the most important ef-
fects beyond Born approximation in elastic ed-scattering
[2–5].
Following Ref. [5], Feynman diagrams for TPE dia-
grams in ed scattering fall into two types: diagrams,
where both intermediate photons interact with the same
nucleon, (type I) and diagrams, where photons interact
with different nucleons, (type II). In Ref. [2] diagrams of
type II were calculated using the simplest gaussian wave
function of the deuteron. In turn, in Refs. [3, 4] some
effects connected with diagrams of type I were examined
in the framework of effective Lagrangian approach [6, 7].
Both types of diagrams were calculated simultaneously in
Ref. [5] within semi-relativistic approximation with the
deuteron wave functions for “realistic” NN potentials.
The aim of the present paper is to study differential
cross section and polarization observables in the elas-
tic scattering of longitudinally polarized ultra-relativistic
electron on polarized deuteron in the framework of
OPE+TPE approximation.
The paper is organized as follows. In Sec. II we discuss
density matrix for spin-1 particle and define polarization
observables in elastic scattering of longitudinally polar-
ized electron on polarized deuteron. In Sec. III the po-
larization observables are calculated in the framework of
OPE+TPE approximation. Numerical results and dis-
cussion are given in Sec. IV.
2-4
-2
0
2
4
1 2 3 4 5
δA
in
%
Q2(GeV2)
θlab = 70
◦
FIG. 1: TPE correction to the generalized structure function
A at θlab = 70
◦. The solid and dash-doted lines are for CD-
Bonn and Paris wave functions, respectively.
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FIG. 2: The generalized structure function B at θlab = 180
◦.
The solid and dashed lines are for OPE+TPE calculations
with CD-Bonn and Paris NN-potentials, respectively, dot-
dashed is for OPE-parametrization. Data are from Ref. [15].
II. DENSITY MATRIX FOR SPIN-1 PARTICLE
AND OBSERVABLES
Later on we will work in spherical basis and use a right-
hand coordinate system in which the positive z-axis is di-
rected along transfer momentum ~q and y-axis is directed
along ~k × ~k′, where kµ and k′µ are momenta of incoming
and outgoing electrons.
In this case, according to Madison Convention [8], the
density matrix of a spin-1 particle (the deuteron) is given
by the relation
ρ = 1
3
∑
kq
t∗kqτkq , (1)
where tkq are polarization parameters of the deuteron
and τkq are spherical tensors. The later are expressed
τ00 = 1,
τ10 =
√
3/2Sz τ1±1 = ∓(1/2)
√
3(Sx ± iSy),
τ2±1 = ∓(1/2)
√
3[(Sx ± iSy)Sz + Sz(Sx ± iSy)],
τ2±2 = (1/2)
√
3(Sx ± iSy)2
(2)
through the deuteron spin matrices ~S
Sx =
1√
2

 0 1 01 0 1
0 1 0

 , Sy = 1√
2

 0 −i 0i 0 −i
0 i 0

 ,
Sz =

 1 0 00 0 0
0 0 −1


(3)
From (2) and hermiticity of the spin operator we im-
mediately get
τ†kq = (−1)qτk−q (4)
and the hermiticity condition for the density matrix
yields for tkq
t∗kq = (−1)qtk−q . (5)
After that we come to explicit expression of the deuteron
density matrix
ρ = 1
3


1 +
√
3
2
t10 +
1√
2
t20
√
3
2
(t1−1 + t2−1)
√
3 t2−2
−
√
3
2
(t11 + t21) 1−
√
2 t20
√
3
2
(t1−1 − t2−1)
√
3 t22 −
√
3
2
(t11 − t21) 1−
√
3
2
t10 +
1√
2
t20

 (6)
3The cross section for elastic scattering of electron with
helicity sign h on polarized deuteron is given by
dσ(h)
dΩ
=
dσ0
dΩ

1 +
2∑
k=1
k∑
q=−k
tkqT
h
kq
∗

 , (7)
where dσ0
dΩ
is cross section for unpolarized particles and
tkq and T
h
kq are polarization tensor of the incoming
deuteron and analyzing power of the reaction, respec-
tively.
The analyzing power is given by
T hkq =
Tr[MhτkqMh†]
1
2
∑
h Tr[MhMh†]
, (8)
whereMh is scattering amplitude. Similarly to polariza-
tion tensor, T hkq obeys the hermiticity condition
T hkq
∗
= (−1)qT hk−q. (9)
Furthermore, parity conservation implies
T hkq = (−1)k+qT−hk−q. (10)
These two conditions allow us to write
T h10 = hC
L
10,
T h11 = iT11 + hC
L
11, T
h
1−1 = iT11 − hCL11,
T h20 = T20,
T h21 = T21 + ihC
L
21, T
h
2−1 = −T21 + ihCL21,
T h22 = T22 + ihC
L
22, T
h
2−2 = T22 − ihCL22,
(11)
where Tkq and C
L
kq are purely real. We call Tkq and C
L
kq
analyzing power and correlation parameter, respectively.
It should be noted that OPE amplitude is real and T11,
CL21 and C
L
22 are nonvanishing only beyond OPE approx-
imation.
Substituting (11) in (7) and using relation (5) we
get the differential cross section for elastic scattering
of electron with longitudinal polarization p on polarized
deuteron
dσ
dΩ
=
dσ0
dΩ
[1 + 2ℑmt11T11 + t20T20 + 2ℜet21T21+
+2ℜet22T22 + p
(
t10C
L
10 + 2ℜet11CL11+
+2ℑmt21CL21 + 2ℑmt22CL22
)]
.
(12)
III. POLARIZATION OBSERVABLES IN THE
SECOND ORDER PERTURBATION
CALCULATIONS
It follows from P and T invariance that elastic scatter-
ing amplitude of a spin 1
2
-particle (electron) on a spin-1
particle (deuteron) is determined by 12 invariant ampli-
tudes. Putting the electron mass to zero reduce the num-
ber of invariant amplitudes (form factors) to 6 (see, e.g.,
[9, 10]).
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FIG. 3: The TPE correction to T20 at Q
2 =2 and 3 GeV2
(solid and dashed respectively). The bold and thin lines
are for calculations with CD-Bonn and Paris NN-potentials.
TOPE20 ≈0 at Q
2 = 1 GeV2.
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FIG. 4: The TPE correction to T21 at Q
2 =1 and 3 GeV2
(solid and dot-dashed lines, respectively). The bold and
thin lines are for calculations with CD-Bonn and Paris NN-
potentials. TOPE21 ≈0 at Q
2
≈2 GeV2 and relative correction
becomes infinite.
All calculations will be done in the Breit frame. In
this frame it is useful, instead of usual amplitude M, to
introduce reduced amplitude Tλ′λ,h
M = 16πα
Q2
EeEdTλ′λ,h, (13)
where α ≈ 1/137 is the fine-structure constant, λ, λ′ are
spin projections of the incoming and outgoing deuteron
and Ee and Ed are energies of the electron and deuteron
in the Breit frame. For the reduced amplitude we will
adopt the following parametrization [5]
Tλ′λ;h =


G11 cos θ2 −
√
η
2
Gh10 Gh1,−1√
η
2
G−h10 G00 cos θ2 −
√
η
2
Gh10
G−h1,−1
√
η
2
G−h10 G11 cos θ2

 , (14)
4-0.2
-0.15
-0.1
-0.05
0
0.05
0.1
0.15
0.2
0 0.5 1 1.5 2 2.5
T
2
2
Q2 (GeV2)
θlab = 70
◦
FIG. 5: T22 at θlab = 70
◦. The dashed line is for OPE calcu-
lations, the solid and dash-doted lines are for OPE+TPE cal-
culated with CD-Bonn and Paris NN-potentials, respectively.
Data are from [16] and [17] (circles and boxes, respectively).
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FIG. 6: T11 at Q
2 =1, 2 and 3 GeV2 (solid, dashed and dot-
dashed lines, respectively). The bold and thin lines are for
calculations with CD-Bonn and Paris NN-potentials.
where θ is scattering angle in the Breit frame, η =
Q2/(4M2), M is the deuteron mass and
Gh10 = f1 + h sin θ2f2, Gh1,−1 = f3 + h sin θ2f4. (15)
The form factors G11, G00, f1, ..., f4 are complex functions
of the two independent kinematical variables, for exam-
ple, Q2 and the commonly used polarization parameter
ǫ =
cos2 θ
2
1+sin2 θ
2
.
Instead of the the form factors G11, G00, f1, ..., f4 the
following linear combinations are introduced
GC = 1
3
(G11 + 2G00) , GQ = 1
2η
(G00 − G11) ,
GM =
f1 + sin
2 θ
2
f2
1 + sin2 θ
2
, g1 =
f1 − f2
1 + sin2 θ
2
,
g2 = f3, g3 = f4.
(16)
We call GC(Q2, ǫ), GQ(Q2, ǫ) and GM (Q2, ǫ) the general-
ized electric, quadrupole and magnetic from factors. In
zeroth order in α the generalized electric, quadrupole and
magnetic from factors are reduced to the usual electric,
quadrupole and magnetic form factors, GC(Q
2), GQ(Q
2)
and GM (Q
2), while the form factors g1(Q
2, ǫ), g2(Q
2, ǫ)
and g3(Q
2, ǫ) are of order α and vanish in the Born ap-
proximation.
Substituting (14)-(16) in Eq. (8) we arrive at the fol-
lowing expressions for analyzing powers
T20 =
−η
3
√
2S
[
8
(
ℜe (G∗CGQ) +
η
3
|GQ|2
)
+
+(1 + 2tg2 θ
2
)|GM |2
]
,
T21 =−
√
η
3
1
cos2 θ
2
S ·
[
2 cos θ
2
ηℜe (G∗MGQ)+
+GMℜe
(
sin2 θ
2
g3 + g2
)
+
+2 sin2 θ
2
cos θ
2
ηℜeg1GQ
]
,
T22 =
1
2
√
3 cos2 θ
2
S
[− cos2 θ
2
η|GM |2−
−4 sin2 θ
2
ηGMℜeg1+
+4 cos θ
2
(GC − 23ηGQ)ℜeg2
]
,
T11 =
√
η
3
√
3 cos2 θ
2
S×
× [2 cos θ
2
ℑm(G∗M (3GC + ηGQ))−
−2 sin2 θ
2
cos θ
2
(3GC + ηGQ)ℑmg1−
−3GMℑm
(
sin2 θ
2
g3 + g2
)]
,
(17)
and polarization correlations
CL21 =
√
η
3
1
cos2 θ
2
S×
× [−η sin θ (ℑm(G∗MGQ) +GQℑmg1)+
+ sin θ
2
GMℑm(g2 + g3)
]
,
CL22 =−
1√
3 cos2 θ
2
S×
× [sin θ(GC − 23ηGQ)ℑmg3+
+sin θ
2
(
sin2 θ
2
+ 1
)
ηGMℑmg1
]
,
CL10 =
√
2
3
ηtg θ
2
· −|GM |
2 + cos2 θ
2
GMℜeg1
cos θ
2
S ,
CL11 =
√
η
3
√
3 cos2 θ
2
S {sin θ [ℜe (G
∗
M (3GC + ηGQ))−
− (3GC + ηGQ)ℜeg1] +
+3 sin θ
2
GMℜe (g2 + g3)
}
,
(18)
where we neglected terms of order α2 and thus G∗KGL =
GKGL + δG∗KGL + GKδGL, (K,L) = (C,Q,M), GK =
GK + δGK , GL = GL + δGL;
S = A+ Btg2 θlab
2
, (19)
5-0.015
-0.01
-0.005
0
0.005
0.01
0.015
0 0.2 0.4 0.6 0.8 1
C
L 2
1
ǫ
C
L 2
1
C
L 2
1
C
L 2
1
C
L 2
1
C
L 2
1
-0.06
-0.04
-0.02
0
0.02
0.04
0.06
0 0.2 0.4 0.6 0.8 1
C
L 2
2
ǫ
C
L 2
2
C
L 2
2
C
L 2
2
C
L 2
2
C
L 2
2
FIG. 7: CL21 and C
L
22 at Q
2 =1, 2 and 3 GeV2 (solid, dashed
and dot-dashed lines, respectively). The bold and thin lines
are for CD-Bonn and Paris NN-potentials.
with
A(Q2, θ) = |GC |2 + 89η2|GQ|2 + 23η|GM |2,
B(Q2, θ) = 4
3
(1 + η)η|GM |2
(20)
are generalized structure functions and tg2θlab/2 = (1 +
η)−1tg2θ/2.
IV. NUMERICAL RESULTS AND
CONCLUSIONS
In previous section the generalized structure functions
A(Q2, θ) and B(Q2, θ) and polarization observables were
expressed by generalized form factors. Now we will cal-
culate behavior of all this quantities.
In numerical calculations of the TPE amplitudes we
used semi-relativistic approach of Ref. [5] with the
deuteron wave function for CD-Bonn [11] and Paris
[12] NN-potentials. The deuteron form factors GC(Q
2),
GQ(Q
2) and GM (Q
2) were taken from parametrization
of Ref. [13] with parameters taken from fit of Ref. [14].
We find that TPE contribution is of order of few per-
cent (see Fig. 1) in the generalized structure function A,
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FIG. 8: CL22 and C
L
10 at Q
2 =1, 2 and 3 GeV2 (solid, dashed
and dot-dashed lines, respectively). The TPE calculations
are for CD-Bonn potential. Dotted lines are for the OPE
approximation.
while in the generalized structure function B it is more
significant. For example, at θ = 180◦ and Q2 > 2.5 GeV2
TPE effect are estimated to be 10 to 20 % in B (Fig. 2).
One also sees, that value of TPE correction is strongly
dependent on the deuteron wave function.
The ǫ dependence of relative TPE correction to T20
and T21 at few values of Q
2 are shown in Figs. 3 and 4.
One can conclude that TPE is not significant in T20. In
T21 the role of TPE effects increases with Q
2. For ex-
ample, at Q2 =3 GeV2 the TPE correction comes up to
20%. In T22 the interference between OPE and TPE am-
plitudes becomes a dominant contribution, Fig. 5. The
latter conclusion is obvious, because GC/GM ∼10 and
the term 8
3
cos θ
2
GCℜeg2 ranks over the term cos2 θ2G2M
in the expression for T22 (see Eqs. (17)).
Our estimations for the observables, which vanish in
the OPE approximation (T11, C21 and C22), are displayed
in Figs. 6 and 7.
We have also found that TPE makes only slight
changes (not more than few percent) in C10 and C11 cor-
relations, Fig. 8.
In conclusion, we have considered general structure of
6differential cross section for elastic scattering of longitu-
dinally polarized electron on polarized deuteron.
The generalized structure functions A and B and po-
larization observables in this reaction are calculated in
the framework of the one-photon + two-photon exchange.
We find that TPE contribution in the generalized struc-
ture function A is less than experimental errors (about
few percent) and about 10-20% in the generalized struc-
ture function B at Q2 >2.5 GeV2.
While in T20 TPE correction is minor, interference be-
tween OPE and TPE becomes dominant contribution in
T22 at Q
2 >0.5 GeV2. This means that T22 may be
a good object for experimental study of two-photon ex-
change in ed-scattering. We have also calculated polar-
ization observables T11, C21 and C22 which are propor-
tional to the imaginary part of the reaction amplitude
and vanish in the framework of one-photon exchange.
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